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For accurate and efficient computations of compressible gas–liquid two-phasemixtureflows, theAUSMPW� and

RoeM schemes (for which the accuracy, efficiency, and robustness have been successfully demonstrated in gas

dynamics) are extended to two-phase flows at all speeds. From the mixture equations of state, a new shock-

discontinuity-sensing term suitably scaled for two-phase flows is derived and its performance is validated. In

addition, several numerical difficulties appearing in the development of the two-phase AUSMPW� and RoeM

schemes are analyzed and successfully cured. The two-phase AUSMPW� and RoeM schemes are then efficiently

preconditioned for the simulation of all Mach number flows by employing the existing AUSM or Harten–Lax–van

Leer with contact restoration types of preconditioning strategies. Various gas–liquid two-phase flows, from highly

compressible to nearly incompressible flow conditions, are tested. The numerical results show the accurate and

robust behavior of the proposed schemes for all speeds of two-phase flows.

Nomenclature

Cpi = specific heat for the ith phasic fluid
c = speed of sound
E, F = inviscid flux vectors in the � and � directions
Et = specific total internal energy [e� �u2 � v2�=2]
e = specific internal energy
H = specific total enthalpy [h� �u2 � v2�=2]
h = specific enthalpy (e� p=�)
M = Mach number
Q = vector of conservative variables

(��m; �mu; �mv; �mEt; �mY1�T )
T = temperature
t = time
u, v = Cartesian velocities in the x and y directions
V = local velocity magnitude [�u2 � v2�1=2]
x, y = Cartesian coordinates
Y = mass fraction
� = volume fraction
� = pseudocompressibility parameter
�, � = generalized curvilinear coordinates
� = density

Subscripts

i = ith phasic quantity (1 for the gas phase and 2 for the
liquid phase)

L, R = left and right quantities across a cell interface
m = two-phase mixture quantity
1=2 = quantity at a cell interface
1 = freestream quantity

I. Introduction

R ECENTLY, there have been numerous studies on the
computation of compressible gas–liquid two-phase flows,

because of its wide applications such as cavitation phenomena in
hydraulic machines, high-speed underwater projectiles, explosions
inwater, liquid-shock/gas-bubble interaction, and so on. The popular
mathematical modeling for the two-phase-flow physics can be
largely classified into two approaches: two-fluid model and
homogeneous-equilibrium model.

In the two-fluid model, two sets of conservation laws for each
phase are directly solved. The two-fluid model can describe physical
interactions at phase interface in detail but is known to suffer from a
nonhyperbolic property, which causes numerical difficulties.
Though there has been continuous research in this area [1,2], the
remedy does not seem to be settled completely yet. Another
drawback of the two-fluid model is the rapid increase of
computational cost, especially when phase interface and shock wave
coexist.

In the homogeneous-equilibrium model (HEM), the dynamic and
thermal equilibriums of both phases are assumed within the same
computational mesh, and only the momentum- and energy-
conservation laws for themixture is considered, alongwith themass-
conservation law for each phase (sometimes a single continuity
equation is used and phase is determined from the equation of state).
Though this approach has a limitation in capturing detailed
interphasic flow physics, there have been plenty of computational
studies using the HEM ([3–6], for example), due to its computational
efficiency and conservative form.

The goal of the present work is to design and validate accurate and
efficient numerical fluxes for the simulation of compressible two-
phase flows under the homogeneous-equilibrium assumption. To
realize this goal, a numerical scheme should satisfy several
conditions.

First, a numerical scheme must be able to handle shock wave and
phase interface robustly. Regarding the two-phase equation of state
(EOS), it is found that a simple approximation of the mixture EOS
fails near a phase interface [7], but the mixture EOS defined by the
volumetric average of each phase’s EOS does not trigger numerical
instability [8]. Actually, there has been much research using the
mixture EOS. For example, Kunz et al. [3] solved various two-phase
flows, including three-dimensional unsteady supercavitating flows,
sheet cavitation in turbomachinery, and axisymmetric underwater
propulsion. Owis and Nayfeh [4] also analyzed cavitation flows
around high-speed underwater vehicles. The work of Neaves and
Edwards [6] includes several two-phase shock-tube problems and a
water-entry simulation of supercavitating projectiles. According to
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the authors’ knowledge, however, the instability of a numerical flux
caused by shock wave in two-phase mixture flows does not seem to
be clearly analyzed yet. In compressible two-phase mixture flows,
the stable and accurate treatment of shock waves is crucial in
determining the overall quality of computed solutions. Thus, the
consistent extension of shock-stable schemes demonstrated in
single-phase gas dynamics to two-phase mixture flows is a subject
worthy of careful study. In addition, a numerical scheme should be
able to cover not only common mixture flows, but also phase-
interfacial problems accompanying a large discrepancy of flow
properties. For example, there aremany air–water compressible two-
phase flows such as compressible bubbly flow, free surface,
compressible bubble rising, and so forth. A numerical scheme should
be able to handle complex flow situations involving phase interface,
shock waves, and their interactions.

Second, a numerical schememust be able to cover a wide range of
two-phase-flow regimes. The speed of sound in the liquid phase is
about 1400–1500 m=s and it reduces to about 300–400 m=s in the
gas phase. In the mixture region, it can be even lower. Because of the
large variation in the speed of sound, compressible and
incompressible regions coexist for many gas–liquid two-phase
problems. From the viewpoint of the compressible governing
equations, the condition number (the ratio of the largest to the
smallest eigenvalue) becomes very large in the low-Mach-number
region. As a result, the compressible governing equations face up to a
stiffness problem that makes computed solutions difficult to
converge. Thus, system preconditioning techniques have been
developed and applied by several researchers [9,10]. Meanwhile,
from the viewpoint of numerical dissipation, the solution accuracy of
most upwind schemes cannot be guaranteed for the low-Mach-
number region. This is because most upwind fluxes are designed to
consider system eigenvalues, and thus the resultant numerical
dissipation is scaled by the speed of sound, which becomes too large
compared with local velocity in the low-Mach-number region. There
have been studies on the construction of all-speed two-phase
versions of AUSM-type [5] and Roe’s flux-difference-splitting
(FDS) [3] schemes using the preconditioned-system eigenvalues.

Keeping these in mind, the AUSMPW� [11] and RoeM [12]
schemes proposed by the authors are considered as two candidates
for high-resolution compressible two-phase computations, for which
the accuracy, efficiency, and robustness have been demonstrated in
gas dynamics. The AUSMPW� scheme is an improved version of
the AUSMPW scheme [13]. With pressure-based weighting
functions, AUSMPW� can reflect both properties across a cell
interface adequately. The numerical results ofAUSMPW� show the
successful elimination of overshoots behind strong shocks and/or
oscillations near a wall, which is a typical symptom appearing in
most AUSM-type schemes. The RoeM scheme, based on Roe’s
FDS, shows the remarkably improved shock stability without any
tunable parameters while maintaining the accuracy of the original
Roe scheme. From the linear perturbation analysis of the odd–even
decoupling problem, properly scaledMach-number-based functions
are introduced in RoeM to eliminate the shock instability of the
original Roe scheme. The objective of the present work is the
extension of the AUSMPW� and RoeM schemes to compressible
gas–liquid two-phase flows at all Mach numbers without
compromising the merits of the original schemes in gas dynamics.

Both AUSMPW� and RoeM schemes possess some shock-
discontinuity-sensing terms (SDST) based on local pressure orMach
number distribution, which play a key role in determining their
numerical performances. To keep the merits of both schemes in two-
phase flows, we introduce a well-scaled SDST directly derived from
the mixture EOS. In addition, numerical instabilities near a large-
density-ratio phase interface, caused by the advection property of
AUSM-type schemes, are cured by scaling the control functions of
the AUSMPW� scheme. Then we extend the two-phase version
AUSMPW� and RoeM to all Mach number flows by employing
the preconditioning strategies of Edwards and Liou [14] and Luo
et al. [15].

This paper is organized as follows: After the Introduction, the two-
phase governing equations with the EOS for each phase are

explained in Sec. II. The two baseline schemes (i.e., the original
AUSMPW� and RoeM for perfect-gas flows) are briefly introduced
in Sec. III. In Sec. IV, a new SDST for two-phase flow is then derived
and its performance is evaluated. The two-phase version of the
AUSMPW� and RoeM schemes is then presented in Sec. V, with
the preconditioning strategies discussed in Sec. VI. Numerical
results and comparisons for various test problems and some
application problems are provided in Sec. VII. Finally, the
conclusions are given in Sec. VIII.

II. Governing Equations

The HEM with mass fraction is adopted to describe two-phase
flows. Assuming fully compressible flows including thermal effect,
the governing equations consist of mixture mass-, momentum-, and
energy-conservation laws, together with a one-phase mass-
conservation law. A system preconditioning is introduced to cover
the low-Mach-number region. The preconditioned form of the two-
dimensional Euler system can be written in �–� computational
coordinates as follows:

�

J

@Qp

@t
� @E
@�
� @F
@�
� 0 (1)

where J indicates the Jacobian matrix. The primitive variable vector
Qp and the �-directional inviscid flux vector E are defined by

Qp � �p; u; v; hm; Y1�T (2)

E� ��mU; �muU � nxp; �mvU � nyp; �mHU; �mY1U�T (3)

where p, �m, hm, and H are the pressure, mixture density, mixture
enthalpy, and mixture total enthalpy, respectively; Y1 stands for the
mass fraction of the gas phase; U� nxu� nyv is the contravariant
velocity component normal to a control interface; and nx � �x=J and
ny � �y=J are directional cosines. For viscous equations, the viscous
term, along with suitable turbulence transport equations, is added as
in single-phase flow. The mixture viscosity is computed based on
volume fraction. For axisymmetric flows, extra flux source terms are
simply added on the right-hand side.

The preconditioning matrix � has the following form:
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In Eq. (4), the pseudocompressibility parameter � has a square value
of the local velocity magnitude in a preconditioned form. If
1=�� @�m=@p, then � goes back to �e � @Q=@Qp, resulting in the
nonpreconditioned system in the primitive form. The eigenvalues of
the preconditioned Euler system are

�

�
��1

@E

@Qp

�
�U;U;U;U0 �D;U0 �D (5)

where

U0 � 1
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The main purpose of the system preconditioning is to scale the
system eigenvalues so that they have the same order of magnitude,
which leads to convergence enhancement in the low-Mach-number
region. Depending on the definition of the preconditioned sound
speed c0 or the pseudocompressibility parameter �, there are many
variations [9,10], and the preconditioning technique of [16] is
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adopted in the present work. The only modification is the smooth
transition of the system eigenvalues from the order of the speed of

sound to the order of the local velocitymagnitude,V �
����������������
u2 � v2
p

, in
the region of jMj � 1=a0. As a result, the following definition of c

0 is
used:

c02 � a1 	 c2 � �1 � a1� 	max�V2; �0:1Vref�2� (6)

where

a1 �
1

2

�
sin

�
� 	min�1; a0jMj� �

�

2

�
� 1

�
with a0 
 1, where a0 is a preconditioning parameter defined by
users. For highly compressible two-phase flows, a large value of a0
can be used, which changes the governing equations into the
nonpreconditioned system. For allMach number flow computations,
the values of 1 to 10 are suggested. The continuous function a1 is
employed for the systemeigenvalues to change smoothly in the range
of jMj � 1=a0.

In the HEM, the definition of the mixture density �m plays the role
of the mixture EOS:

�m � 1

�X
i

Yi
�̂i�p; T�

� 1

�X
i

Yi
�̂i�p; hi�

(7)

In Eq. (7), �̂i is the density of the ith fluid on the occupied
computational mesh, and �m is the mixture density defined on the
whole computational mesh.

For the gas phase, the ideal-gas EOS is used:

p� �� � 1��̂1e1 (8)

where � � 1:4. For the liquid phase, the following form of the
stiffened EOS is adopted [17]:

p� �n � 1��̂2e2 � npc (9)

wheren� 7:0 andpc � 3:03975 	 108 Pa. Unless otherwise stated,
the density of gas and liquid at atmospheric conditions (p�
101325:0 Pa and T � 288:49 K) is �g � 1:225 kg=m3 and �l�
1000:0 kg=m3, respectively.

Finally, from the dynamic and thermal equilibrium within the
same computational mesh, the total governing system is closed:

p� pl � pg T � Tl � Tg (10)

The mixture enthalpy in Eq. (2) is defined as

hm �
X
i

hiYi (11)

Assuming that both phases are calorically perfect, the following
enthalpy-temperature relations are used:

hi � CpiT � h0;i (12)

where Cp1 � 1003:5 m2=s2 K and h0;1 � 0:0 m2=s2 for the gas
phase, andCp2 � 4180:0 m2=s2 K and h0;2 � 851133:67 m2=s2 for
the liquid phase, respectively.

III. Baseline Schemes: AUSMPW� and RoeM
for Compressible Gas Dynamics

Before deriving schemes for gas–liquid two-phase flows, we first
introduce the baseline schemes for compressible gas flows. The
AUSMPW� and RoeM schemes are extended for two-phase flows
at all Mach numbers. Both schemes are among the recently
developed schemes for the efficient and accurate calculations of
compressible gas flows, which especially focus on the enhanced
shock stability without compromising the accuracy of the original
schemes. Though it was shown in the very recent work of Kitamura
et al. [18] that the well-known shock-capturing schemes, including
AUSMPW� and RoeM, are not carbuncle-free in a strict sense, the

multidimensional dissipation employed in AUSMPW� and RoeM
is still effective for suppressing multidimensional carbuncle
phenomena. In addition, the shock stability characteristics of
AUSMPW� and RoeM are relatively better and they exhibit more
consistent numerical behavior than with other schemes (see [18] for
further details).

A. AUSMPW� Scheme

The numerical flux of AUSMPW� [11] at a cell interface is
written as follows:

E1=2 � �M�L c1=2Q
�
L � �M�Rc1=2Q

�
R � �P�L PL � P�RPR� (13)

ForM1=2 
 0,

�M �
L �M�L �M�R ��1 � !��1� fR� � fL�

�M�R �M�R!�1� fR�

ForM1=2 < 0,

�M�L �M�L !�1� fL�
�M�R �M�R �M�L ��1 � !��1� fL� � fR�

where Q� � ��; �u; �v; �H�T and P� �0; nxp; nyp; 0�T for two-
dimensional gas flows. TheMach number is defined asM�U=c1=2,
and the numerical speed of sound is formulated as

c1=2 �
�
c2s=max�jULj; cs�; UL �UR > 0

c2s=max�jURj; cs�; UL �UR < 0
(14)

where

cs �
��������������������������������������������������
2�� � 1�=�� � 1�Hnormal

p
and

Hnormal � 0:5 	
�
HL � 0:5 	 V2

t;L �HR � 0:5 	 V2
t;R

�
whereVt indicates a tangential velocity component to a cell interface.

The Mach number interpolation functions in Eq. (13) are
computed by the following van Leer splitting Mach number:

M� �
�
�1

4
�M � 1�2 jMj � 1

1
2
�M� jMj� jMj> 1

(15)

P� �
�

1
4
�M� 1�2�2
M� jMj � 1

1
2
�1� sign�M�� jMj> 1

(16)

The pressure-based weighting functions ! and fL;R are designed
by

!� 1 ��3
1=2 (17)

and

fL;R �

8<:
�
pL;R
ps
� 1

�
	min

�
1;

min�pL;1;pR;1 ;pL;2 ;pR;2�
min�pL;pR�

�
2

ps ≠ 0

0 ps � 0

(18)

where

�1=2 �min

�
pL
pR
;
pR
pL

�
and ps � P�L pL � P�RpR. Figure 1 shows the computational stencil
for the functions ! and fL;R. In the region of shock waves,
AUSMPW� considersQ�L andQ

�
R with the same order ofmagnitude

via ! and fL;R to remove numerical oscillations of AUSM-type
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schemes. In addition, with fL;R, AUSMPW� has a dissipation term
by pressure difference, thus pressure wiggles do not appear near the
wall region. The detailed derivation and discussion of AUSMPW�
for gas dynamics can be found in [11].

B. RoeM Scheme

The RoeM scheme [12] for two-dimensional gas flows is
summarized in a Harten–Lax–van Leer–Einfeldt (HLLE)-like form
as

E1=2 � 1
2
�EL � ER � ~MA�Q� ĉ� ~M2 � 1��Q�

� gĉ�1 � j ~Mj�B�Q�� (19)

B�Q� �
�
�� � f�p

ĉ2

� 1

û
v̂
Ĥ

0BB@
1CCA� �̂

0

�u � nx�U
�v � ny�U

�H

0BB@
1CCA (20)

where ~M� sign�M̂� 	min�1; jM̂j�,

M̂� Û
ĉ
�
nxû� nyv̂

ĉ

Q� ��; �u; �v; �Et�T is the conservative variables vector, A�
@E=@Q is the system Jacobian matrix, and the properties with the hat
symbol indicate Roe-averaged values. The Mach-number-based
control functions f and g are defined as follows:

f�
�
1 û2 � v̂2 � 0

jM̂jh û2 � v̂2 ≠ 0
(21)

g�
�
jM̂j1��1=2 M̂ ≠ 0

1 M̂� 0
(22)

where

h� 1 �min��1=2;�L;1=2;�L;�1=2;�R;1=2;�R;�1=2�

The computational stencil for the functions f and g is presented in
Fig. 1. Based on the stability analysis, the function f is designed to
damp the feeding rate of pressure perturbation into density field, and
the function g is designed to increase the damping rate of density
perturbation and to control pressure perturbation simultaneously. As
a result, the shock instability triggered by the pressure-difference
term of the numerical mass flux is cured in the RoeM scheme.

By modifying the signal velocities to prevent expansion shock
without compromising the capturing capability of contact
discontinuity, the RoeM scheme is summarized as follows:

E1=2 �
1

b1 � b2

�
b1 	 EL � b2 	 ER � b1 	 b2

	
�
�Q� � g

1� j ~Mj
B�Q�

�	
(23)

where b1 �max�Û� ĉ; UR � ĉ; 0� and b2 �min�Û � ĉ; UL �
ĉ; 0� (see [12] for further details).

IV. Shock-Discontinuity-Sensing for
Two-Phase-Mixture Flows

The AUSMPW� and RoeM schemes for gas dynamics have
control functions that monitor pressure distribution around a cell
interface. With this information, both schemes are able to sense
shock discontinuity and control the amount of the numerical fluxes
properly to enhance the stability and/or accuracy of the original
AUSM-type or Roe-type schemes. A typical form of SDST included
in the control functions ofAUSMPW� and RoeM schemes is to use
the ratio of left to right pressure values across a cell interface:

�1=2 �min

�
pL
pR
;
pR
pL

�
(24)

As can be seen in Eq. (24),�1=2 is designed to have a value of near 1
in the smooth region and near 0 in the discontinuous shock region.
Inaccurate sensing of�1=2 eventually causes an improper amount of
numerical dissipation in AUSMPW� and RoeM, which yields a
diffusive solution or numerical instabilities. Thus, a study on the
pressure-field changemust be carried out to design a relevant form of
�1=2 for two-phase flows.

A. Pressure-Field Change in Two-Phase Flow

The starting point is that the pressure field usually varies with the
order of dynamic pressure in smooth region. Thus, it is reasonable to
assume the variation of pressure field to be in the range of

p1 �
�1u

2
1

2
O�1�

For the gas phase, the ideal-gas EOS [p� �� � 1��e] indicates

p1 �
1

�
�1c

2
1 �

1

�M2
1
�1u

2
1 (25)

From Eq. (25), 1
2
�1u

2
1 � �

2
M2
1p1, and thus

p1 �
�1u

2
1

2
O�1� �

�
1� �M

2
1

2
O�1�



p1

If we have a sufficient number of grid points (say, N) in smooth
subsonic flows changing from p1 to

p1 �
�1u

2
1

2
O�1�

then �k�1=2 of Eq. (24) at a cell interface k� 1=2 becomes

�k�1=2 �
p1

n
1� �M2

1
2

O�1� 	 k
N

o
p1

n
1� �M2

1
2

O�1� 	 k�1
N

o� 1� �M2
1

2
O�1� 	 k

N

1� �M2
1

2
O�1� 	 �k

N
� 1

N
�

(26)

Because

N � �M2
1

2
O�1�

�k�1=2 is close to unit and it correctly senses the smooth region.
For the liquid phase, the stiffened-fluid EOS

[p� �n � 1��e� npc] may produce a substantially different
situation:

p1 � pc �
1

n
�1c

2
1 �

1

nM2
1
�1u

2
1 (27)

From Eq. (27),

1

2
�1u

2
1 �

n

2
M2
1�p1 � pc�

and thus

Fig. 1 Two-dimensional cell interface.
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p1

Again, for smooth subsonic flows changing from p1 to

p1 �
�1u

2
1

2
O�1�

with sufficient grid points N, then �k�1=2 becomes

�k�1=2 �
p1

n
1� nM2

1
2
�1� pc

p1
�O�1� 	 k

N

o
p1

n
1� nM2

1
2
�1� pc

p1
�O�1� 	 k�1

N

o
�

n
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1
2
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p1
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N

o
n
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1
2
�1� pc

p1
�O�1� 	 k

N

o
� nM2

1
2
�1� pc

p1
�O�1� 	 1

N

(28)

For liquid water, pc is generally O�108�–O�109� Pa to consider a
large density and a high speed of sound, and thus the range ofpc=p1
isO�103� toO�104� with the freestream pressure p1 ofO�105� Pa.
As a result,�k�1=2 in the liquid phase is frequently far away from the
value of the unit, even for smooth subsonic flow. This problem
essentially comes from the large value ofpc, which is not peculiar for
the stiffened-fluid EOS. Actually, other EOS for the liquid phase
have a term similar to pc with a similar order of magnitude. For
example, Tait’s EOS, which is an isothermal version of the stiffened-
fluid EOS, has the following term [19]:�

p� pc
p0 � pc

�
�
�
�

�0

�
n

(29)

where n� 7:0, pc � 3:03975 	 108 Pa, and �0 � 1000:0 kg=m3.
As another example, the van der Waals type of cubic EOS can be
written in the following form:

�p� A��v � b� � RT (30)

where v is a molar volume. IfA� a=v2, Eq. (30) is the van derWaals
EOS, and if A� a��T�=�v2 � 2bv � b2�, the Peng–Robinson EOS
can be obtained [20]. The attraction parameter a and the effective
molecular volume b are the coefficients calculated from physical
properties. In these EOS, A plays a role similar to pc in the stiffened-
fluid EOS. At atmospheric conditions, A of the Peng–Robinson EOS
is approximately equal to 1:3 	 109 Pa for liquid water [21].
Actually,p� pc of Eq. (29) orp� A of Eq. (30) behave likep in the
ideal-gas EOS.

The preceding analysis indicates that if the dynamic pressure
(1
2
�1u

2
1) is very large compared with the freestream pressurep1 [in

Eq. (27), this means that pc=p1 is very large], there arises a
possibility of a large pressure difference across a cell interface, even
in smooth continuous flows. The SDST (�1=2) of Eq. (24) will then
behave incorrectly in the liquid phase: it recognizes a smooth region
as a shock region.

To check the pressure-field variation for the subsonic two-phase
mixture flow, the ratio defined by Eq. (31) is examined in terms of
mass fraction of the gas phase:

ratio �
1
2
�1u

2
1

p1
(31)

As in many engineering problems, the freestream condition is
assumed to be atmospheric. Figure 2 shows that the pressure field is
changing drastically near the liquid phase (Y1 is close to zero). This is
due to the large density and the high speed of sound in the liquid
phase. For example, in the case of subsonic hydrodynamic problems
with the freestream condition (p1 �O�105� Pa, �1 � 103 kg=m3,
and u1 �O�102� m=s), the overall change of the pressure
field is from the vaporization pressure, typically O�103� to
O�107�–O�108� Pa. Thus, for all the drastic change in pressure, the
pressure field can be smooth without the presence of a shock wave.

However, the SDST of Eq. (24) does not recognize this physical
situation and grosslymisinterprets the physically nonshock region as
a shock region. The SDST for gas dynamics is clearly inadequate in
the region near the liquid phase, and some proper scaling is necessary
for robust and accurate computations using the AUSMPW� and
RoeM schemes.

B. Shock-Discontinuity-Sensing for Two-Phase Flow

In the case of gas dynamics, through the analysis ofAUSM� and
AUSMD in [13], the density ratio across a cell interface can be
chosen as a reference to consider the physical properties on both sides
of the cell interface. Assuming the interfacial common speed of
sound, the density ratio is then transformed into the pressure ratio to
capture contact discontinuity accurately.

In the same manner, we start from the density ratio and change it
into the pressure ratio. From the mixture EOS of Eq. (7), the mixture
density can be represented by

�m �
@�m
@p

��
�1
p
� 1 � �1
p� pc

�
(32)

where �1 is the volume fraction of the gas phase, and pc is a constant
from the liquid-phase EOS.Assuming the interfacial common values
of @�m=@p and volume fraction, we define the following pressure
function �pL;R across the cell interface:

�p L;R � 1

��
�1;1=2
pL;R

�
1 � �1;1=2
pL;R � pc

�
(33)

where �1;1=2 is the volume fraction of the gas phase at a cell interface,
which can be obtained from geometrical information or from cell-
interface pressure, enthalpy, and mass fraction. In this work, �1;1=2 is
calculated from cell-interface variables. Then with Eqs. (32) and
(33), the ratio of themixture density can be changed into the pressure
ratio:

�m;L
�m;R

� �pL
�pR

(34)

and the following term can be obtained as a new shock-discontinuity-
sensing term for two-phase flows:

��1=2 �min

�
�pL
�pR
;
�pR
�pL

�
(35)

where �p of Eq. (33) is actually a volumetric harmonic average ofp in
the gas region and p� pc in the liquid region at the cell interface.
The proposed SDST,��1=2, basically checks the occupied portion of

p andp� pc at a cell interface, which is physically reasonable in the
sense that p� pc in the liquid-phase EOS plays a role similar top in

Fig. 2 Ratio (dynamic pressure/freestream pressure) for several mass

fractions.
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the gas-phase EOS. The geometrical meaning of the new SDST is
shown schematically in Fig. 3.

To ensure the capability of the new SDST, the behavior of��1=2 is

examined for one-dimensional mixture shock conditions. Table 1
compares the inverse values of the SDST (�1=2 and�

�
1=2) in terms of

themass fraction of the gas phase withM � 1:5 and 2.0. Even for the
lower-Mach-number case (M � 1:5), �1=2 near the liquid phase is
very large due to the large density and high speed of sound. ��1=2,

however, provides well-scaled values throughout the whole range of
mass fraction, which indicates that��1=2 can be used consistently for

all mixture flows regardless of the mixture density and speed of
sound.

It is possible to apply the proposed strategy to derive a new SDST
from other forms of EOS for two-phase flows. For example, if one is
interested in isothermal flows, Tait’s EOS of Eq. (29) is used for both
liquid and gas phases. For the gas phase with the coefficients of
n1 � 1:4, pc;1 � 0, and �0;1 � 1:0 kg=m3, the following density-
pressure relation can be derived in a similar manner:

�m �
1

c2

��
�1
n1p
� 1 � �1
n2�p� pc;2�

�
(36)

From Eq. (36), the same form of ��1=2 can be obtained with the

following �pL;R:

�p L;R � 1

��
�1;1=2
n1pL;R

�
1 � �1;1=2

n2�pL;R � pc;2�

�
(37)

According to the authors’ experience in isothermal two-phase
computations, there was no significant difference between using
Eq. (33) and using Eq. (37).

In the case of the Peng–Robinson EOS for liquid water [21] and
the ideal-gas EOS for the gas phase, it is not straightforward to obtain
a form similar to Eq. (33) or Eq. (37) directly from the complicated
EOS. In addition, the coefficient A��a��T�=�v2 � 2bv � b2�� of
the Peng–Robinson EOS is not strictly constant. However, the use of
��1=2 with the following �pL;R is reasonable, because pc plays a role
similar to A in the stiffened EOS, and the value of A does not change
notably for liquid water:

�p L;R � 1

��
�1;1=2
pL;R

�
1 � �1;1=2
pL;R � A1

�
(38)

where A1 is the freestream value.

V. Two-Phase Extension of AUSMPW� and RoeM

A. Two-Phase AUSMPW� Scheme

The extension of theAUSMPW� scheme to two-phaseflow starts
from the basic form of AUSMPW� for gas dynamics:

E1=2 � �M�L c1=2Q
�
L � �M�Rc1=2Q

�
R � �P�L pL � P�RpR� (39)

where �M�L and �M�R are exactly the same as in Eq. (13), and the
advection variable vector is defined as

Q� � ��m; �mu; �mv; �mH; �mY1�T (40)

In this work, the pressure-based weighting functions ! and fL;R are
defined by

!�max�!1; !2� (41)

fL;R �
�
�pL;R
�ps
� 1

�
	 �1 � !� (42)

with !1 � 1 ���31=2 and

!2 � 1 �
�
min� �pL;1; �pR;1; �pL;2; �pR;2�
max� �pL;1; �pR;1; �pL;2; �pR;2�

�
2

where !2 is introduced to robustly treat single- or two-phase
multidimensional shocks by feeding a proper amount of additional
numerical dissipation [22].

The first modification in Eq. (39) is obviously the use of��1=2 and

�p in the pressure-based weight functions ! and fL;R. Because ! has
the role of stabilizing the scheme near the shock region, ��1=2 in !
helps shock-sensing capability for two-phase flows. Similarly, fL;R
plays the role of providing the pressure-field information to the
density field, as will be seen in Eqs. (44) and (45), and the use of �p in
fL;R makes the dissipation term related to pressure difference
suitably scaled for two-phase flows.

The second modification is about the definition of the numerical
speed of sound c1=2. Because there is no Prandtl-like relation across a
phase interface, the speed of sound at the phase interface is physically
indeterminate and it has to be approximated based on the two-phase-
flow physics. For the physical phase interface shown in Fig. 4a and
for the computational mesh 1 shown in Fig. 4b, the speed of sound at
the cell containing the phase interface would be lower than that of
either side, because the mixture EOS at the cell yields a lower sound
speed. Thus, it is consistent with the assumption of the HEM to
assume a lower sound speed than that of either phase when the
computational cell interface is aligned with the phase interface, as
shown inFig. 4c. This property (the lower speed of sound at the phase
interface) can be satisfied if the interfacial speed of sound is

Fig. 3 Geometrical meaning of the new SDST.

Table 1 Inverse values of the SDSTs for the 1-D shock relation (subscript L indicates preshock value)

pL � 101325 Pa ML � 1:5 ML � 2:0

Mass fraction �L �m;Lkg=m
3 cL m=s 1=�1=2 1=��1=2 1=�1=2 1=��1=2

Y1 � 0:0 (pure liquid) 0.0 1000.00 1458.95 6565.685 3.18750 15756.3 6.25000
Y1 � 1:0 	 10�8 8:163 	 10�6 999.99 1347.99 4836.944 2.61162 12682.5 5.22595
Y1 � 1:0 	 10�7 8:163 	 10�5 999.92 885.63 8.24318 1.22860 2494.80 1.83307
Y1 � 1:0 	 10�6 8:157 	 10�4 999.19 342.81 2.42609 2.06508 4.84434 2.78550
Y1 � 1:0 	 10�5 8:097 	 10�3 991.91 112.01 2.26608 2.22898 4.06936 3.83132
Y1 � 1:0 	 10�4 7:548 	 10�2 924.61 38.10 2.25124 2.24752 4.00529 3.98094
Y1 � 1:0 	 10�3 0.4497 550.87 20.23 2.24981 2.24943 3.99909 3.99665
Y1 � 1:0 	 10�2 0.8918 109.25 32.26 2.25005 2.25001 3.99940 3.99915
Y1 � 1:0 	 10�1 0.9891 12.12 92.31 2.25426 2.25426 4.00948 4.00946
Y1 � 1:0 (pure gas) 1.0 1.225 340.29 2.45833 2.45833 4.50000 4.50000
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calculated from some averaged mass or volume fraction on both
sides. In this work, c1=2 is obtained from a Roe-type density-
weighted enthalpy and mass fraction:

c1=2 � c1=2�p1=2; ĥm; Ŷ1� (43)

where p1=2 is a simple arithmetic average of left and right pressure.
Also note that �1;1=2 used in �pL;R of Eq. (33) is evaluated in the same

manner: that is, �1;1=2 � �1;1=2�p1=2; ĥm; Ŷ1�.
As long as c1=2 satisfies the property mentioned previously, other

choices of c1=2 are allowable without significant difference. It is
noted, however, that c1=2 obtained from a simple combination of the
left and right sound speed, such as c1=2 � �cL � cR�=2 or
c1=2 �min�cL; cR�, cannot satisfy the property when a phase
interface is aligned with a cell interface. With these values, some
numerical instability can be triggered in two-phase problems,
including rapid phase interface, such as liquid-shock/gas-bubble
interaction or underwater-explosion problems. With the c1=2
formulated as in Eq. (43),AUSMPW�may lose the one-cell shock-
capturing property, which was guaranteed in gas dynamics.
However, it does not affect the resolution of the slip line.

With the twomodifications,AUSMPW� can solve mixture flows
or two-phase flows with a small density difference. For two-phase
flows with a large density ratio, however, serious numerical
instability can be encountered.

For 0 � M1=2 � 1, the numerical dissipation of AUSMPW� can
be expressed by

DAUSMPW� �
�
UR �

c1=2
2
�MR � 1�2!�1� fR�



�Q�

�UR �UL
2c1=2

Q�L�U�
c1=2
2
�MR � 1�2Q�L�f

� �P�L pL � P�RpR� (44)

whereE1=2 � 1
2
�EL � ER� �D. By the definition of fL;R in Eq. (42),

�f can be written as

�f�
pLpR � �1;1=2pc�pR � pL� � �1;1=2p2

c

pLpR � �1;1=2pc�pR � pL� � �21;1=2p2
c

	�p

�ps
	 �1 � !�

(45)

Equation (45) explicitly shows the role of�p in�f.With the help of
the pressure-based weight function fL;R,AUSMPW� possesses the
flux by pressure difference in the mass flux, as in the Roe-type
schemes. The advection property Q�L of Eq. (44) which includes the
mixture density, is multiplied by �f. If the pressure difference
coincides with a large-density-ratio phase interface, the flux induced
by pressure difference (Q�L�f) becomes too large, causing
numerical instability. To stabilize the scheme near the large-density-
ratio phase interface, the function fL;R is modified by considering
density difference on both sides:

f�L;R �
�
�pL;R
�ps
� 1

�
	 �1 � !� 	min��m;L; �m;R�

�m;L=R
(46)

where

� �L=R �
�
��L; M1=2 
 0

��R; M1=2 < 0

With the modified f�L;R, the numerical dissipation ofAUSMPW�
in mass flux becomes

D��m�AUSMPW� �
�
UR �

c1=2
2
�MR � 1�2!�1� fR�



��m

�UR �UL
2c1=2

�m;L�U�
c1=2
2
�MR � 1�2 min��m;L; �m;R��f

(47)

Compared with the RoeM dissipation flux equation (48), it is seen
that the dissipation term due to pressure difference in Eq. (47) is well-
scaled:

D��m�RoeM � �gÛ� �1 � g�ĉ���m �
Û

ĉ
�̂m�U� gf

�
1

ĉ
� Û
ĉ2

�
�p

(48)

Consequently, modifications in developing the two-phase
AUSMPW� can be summarized as follows:

l) A new SDST directly from the two-phase EOS is introduced.
2) The numerical speed of sound at a cell surface is modified.
3) The function fL;R to treat phase interface with a large density

ratio is modified.
If the two-phase AUSMPW� is applied to gas-dynamic flows, it

goes back to the perfect-gas version, except for the definition of c1=2
in Eq. (43) and a slight change in f�L;R. As a result,AUSMPW�may
lose the one-cell shock-capturing property. This loss is unavoidable
because there is no Prandtl-like relation for general two-phase flows.
Other characteristics such as total enthalpy conservation, slip-line
capturing, and improvements in numerical overshoot/oscillation are
still preserved.

B. Two-Phase RoeM Scheme

In compressible two-phase flows, the derivation of the system
Jacobian matrix using conservative variables is very complicated
because of the mixture EOS. Moreover, due to the high speed of
sound at the liquid phase, two-phase-flow analysis usually requires a
preconditioning technique, which alters the governing system into a
primitive variable-based form. The primitive variable-based Roe
scheme can be written as

E1=2 � 1
2
�EL � ER � �e;1=2j��1e Apj1=2�Qp�

� 1
2
�EL � ER � �e;1=2j ~A�QL;QR�j1=2�Qp�

� 1
2
�EL � ER � �e;1=2Xj�jX�1�Qp� (49)

where the transformation matrix �e � �@Q=@Qp�, and the flux
Jacobian matrix via primitive variables Ap � @E=@Qp. Roe-
averaged quantities are used for the interfacialmatrices, which can be
computed as follows:

In method 1, Roe-averaged quantities for density, velocity, total
enthalpy, and mass fraction are first obtained as in gas dynamics.
Then the interfacial pressure can be evaluated from Eq. (7) using
Newton–Raphson iteration at the expense of extra computational
cost.

For efficient computations without compromising accuracy, the
following strategy can be used. Inmethod 2, Roe-averaged quantities
for velocity, total enthalpy, and mass fraction are evaluated. The
interfacial pressure is then approximated as the arithmetic average of
left and right pressures, and then the Roe-averaged density can be
obtained.

Strictly speaking, the interfacial pressure and density obtained by
method 2 are not Roe-averaged quantities. However, due to its
simplicity and efficiency, method 2 is adopted in this work. No
significant difference was observed between the two methods.

Fig. 4 Physical and numerical sound speed.
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The derivation process of the two-phase RoeM is almost the same
as that of gas-dynamic flows [12]. The first step is to convert the Roe
scheme into a HLLE-like form.

For the supersonic region, Eq. (49) becomes

E1=2 � 1
2
�EL � ER � ~MAp�Qp� (50)

where ~M� sign�M̂� 	min�1; jM̂j� and

M̂� Û
ĉ
�
nxû� nyv̂

ĉ

The properties with the hat symbol indicate Roe-averaged values.
The remaining numerical dissipation part is

~MAp�Qp � �e;1=2j��1e Apj1=2�Qp

�
�
~MAp � �e;1=2j��1e Apj1=2

�
��1e �Q (51)

Then the eigenvalues of �M̂Ap � �e;1=2j��1e Apj1=2���1e;1=2 for the

subsonic region are as follows:

�1;2 � ĉ�M̂2 � 1� �3;4;5 � ĉ�M̂2 � 1� � ĉ�1 � jM̂j� (52)

With the two common parts ĉ�M̂2 � 1� and ĉ�1 � jM̂j� of the
eigenvalues, the numerical dissipation of Eq. (51) can be grouped
into two parts, resulting in the following HLLE-like form of the Roe
scheme:

E1=2 � 1
2
�EL � ER � ~MAp�Qp � ĉ� ~M2 � 1��e�Qp

� ĉ�1 � j ~Mj�B�Q� (53)

B�Q�
�
��m �

�p

ĉ2m

� 1

û
v̂
Ĥ
Ŷ1

0BBBB@
1CCCCA� �̂m

0

�u � nx�U
�v � ny�U

�H � Û�U � �p
�̂m

�Y1

0BBBB@
1CCCCA (54)

Following the idea of the RoeM scheme for gas dynamics [12], we
introduce the Mach-number-based control functions f and g to
balance the feeding and damping rates of pressure-density coupling
in the continuity equation:

E1=2 �
1

2
�EL � ER � ~MAp�Qp � ĉ� ~M2 � 1��e�Qp

� gĉ�1 � j ~Mj�B�Q� (55)

B�Q�
�
��m � f

�p

ĉ2

� 1

û
v̂
Ĥ
Ŷ1

0BBBB@
1CCCCA� �̂m

0

�u � nx�U
�v � ny�U

�H � Û�U � �p
�̂m

�Y1

0BBBB@
1CCCCA
(56)

Equations (55) and (56) are the two-phase shock-stable RoeM
scheme. The control functions f and g are defined as follows:

f�
�
1 û2 � v̂2 � 0

jM̂jh û2 � v̂2 ≠ 0
(57)

g�
�
jM̂j1��

�
1=2 M̂ ≠ 0

1 M̂� 0
(58)

where

h� 1 �min���1=2;��L;1=2;��L;�1=2;��R;1=2;��R;�1=2�

and the new SDST is used in f and g.

To satisfy the total-enthalpy-conservation condition in steady
flows, Denergy �Dmass 	H, Eqs. (55) and (56) can be changed as
follows:

E1=2 � 1
2
�EL � ER � ~MAp�Qp � ĉ� ~M2 � 1��Q�

� gĉ�1 � j ~Mj�B�Q�� (59)

B�Q� �
�
��m � f

�p

ĉ2

� 1

û
v̂
Ĥ
Ŷ1

0BBBB@
1CCCCA� �̂m

0

�u � nx�U
�v � ny�U

�H
�Y1

0BBBB@
1CCCCA (60)

Q� � ��m; �mu; �mv; �mH; �mY1�T (61)

By introducing the signal velocities to prevent expansion shock
without compromising the capturing capability of contact
discontinuity, the final two-phase RoeM scheme is summarized as
follows:

E1=2 �
1

b1 � b2

�
b1 	 EL � b2 	 ER � b1 	 b2

	
�
�Q� � g

1� j ~Mj
B�Q�

�	
(62)

where b1 �max�Û� ĉ; UR � ĉ; 0� and b2 �min�Û � ĉ;
UL � ĉ; 0�.

VI. Preconditioned AUSMPW� and RoeM

As the flow Mach number becomes lower, most upwind-based
schemes lose their accuracy and robustness unless the formulation of
numerical flux is modified to take into account the preconditioned-
system eigenvalues. In other words, the numerical dissipation of
upwind schemes in a low-Mach-number region should be scaled by
local velocity magnitude, rather than by the speed of sound. In this
section, all-speed versions of the two-phaseAUSMPW� and RoeM
are introduced.

In preconditioning the upwind schemes, the discrete equation by
the preconditioned scheme should consistently represent the
continuum counterpart in the incompressible limit by properly
scaling numerical dissipation. Guillard and Viozat [23] analyzed the
original and the preconditioned Roe schemes in the incompressible
limit. Recently, Liou [24] analyzed theAUSM�up scheme for a low-
Mach-number limit and designed a proper scaling of diffusion terms.
In this section, the preconditioning of the two-phase AUSMPW�
and RoeM schemes is first carried out, and asymptotic analysis is
introduced to examine the incompressible-limit characteristics of the
preconditioned two-phase AUSMPW� and RoeM schemes by
employing the approach in [23,24]. The summary of the asymptotic
analysis is given in the Appendix.

A. Preconditioning of the Two-Phase AUSMPW� Scheme

According to the previous studies on the preconditioning of
AUSM-type schemes by Edwards and Liou [14] for gas dynamics
and by Edwards et al. [5] for two-phase flows, there have been three
major issues in the preconditioning ofAUSM� and AUSMDV. The
first is the scaling issue to reflect the preconditioned-system
eigenvalues. Because AUSMPW� shares the concept of the Mach
number splitting function with other AUSM-type schemes, we adopt
the same scaling technique in [14] for the scaling of theMach number
and speed of sound:

E1=2 � �M��L c
�
1=2Q

�
L � �M��R c

�
1=2Q

�
R �

�
P��L pL � P��R pR

�
(63)
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In Eq. (63), �M��L;R and P��L;R indicate the Mach number splitting
functions using the following scaled Mach number:

M��L;R �
1�M2

r;1=2

2
	ML;R

	1=2
�

1 �M2
r;1=2

2
	MR;L

	1=2
(64)

whereM2
r � c02=c2 and

	1=2 �

��������������������������������������������������������
�1 �M2

r;1=2�M2
1=2 � 4M2

r;1=2

q
1�M2

r;1=2

are introduced to reflect the preconditioned-system eigenvalues. The
scaled interfacial speed of sound is

c�1=2 � c1=2 	 	1=2 (65)

The second issue is the treatment of the pressure-velocity coupling
at low speed. Because the first scaling enforces AUSM-type schemes
to behave more like a central-differencing scheme as the Mach
number is getting smaller, there is a possibility of the odd–even
decoupling. However, AUSMPW� already has a pressure-velocity
coupling term through the control function, fL;R. Thus, a simple
scaling of fL;R is enough for the second issue. From Eqs. (45), (47),
and (65), the numerical dissipation related to �p in the mass flux
becomes smaller as the Mach number is lowered:

c�1=2
2
�M��R � 1�2 min��m;L; �m;R��f

! O�U� 	O��m� 	
�p

O� �p� 	O�1� ! O�U� 	 �p

O�c2� 	O�1�

(66)

In low-Mach-number flows, O�c2� is too large compared with �p,
and thus the pressure-velocity coupling could be too small. Thus,
O�c2� is scaled to O�c02� for the odd–even decoupling problem:

f��L;R � f�L;R 	
1

M2
r

�
�
�pL;R
�ps
� 1

�
	 �1 � !�

	min��m;L; �m;R�
�m;L=R

	 1

M2
r

(67)

The last issue is about the calculation of the liquid phase. For the
two-phase AUSMPW� scheme, however, the scaling problem that
arises from the calculation of different phases is already cured by
��1=2 and �p in the pressure-based weight functions ! and fL;R. With

the preceding modifications,AUSMPW� for all Mach number two-
phase flows is obtained.

B. Preconditioning of the Two-Phase RoeM Scheme

The preconditioned two-phase Roe scheme can be written as

E1=2 � 1
2
�EL � ER � �1=2j��1Apj1=2�Qp� (68)

The direct derivation of a preconditioned RoeM from the form of
Eq. (68) is quite complicated because of the eigenvalues of the
subsonic dissipation. Thus, we implement the Harten–Lax–van Leer
with contact restoration (HLLC)-type preconditioning strategy by
Luo et al. [15] into the RoeM scheme. By scaling the numerical
dissipation of the RoeM scheme using the preconditioned
eigenvalues appearing in Eq. (5), the preconditioning of the RoeM
in Eq. (59) can be efficiently realized as follows:

E1=2 � 1
2
�EL � ER � ~M��E� D̂� ~M�2 � 1��Q�

� gD̂�1 � j ~M�j�B�Q��� (69)

B�Q�� �
�
��m � f

�p

D̂2

� 1

û
v̂
Ĥ
Ŷ1

0BBBB@
1CCCCA� �̂m

0

�u � nx�U
�v � ny�U

�H
�Y1

0BBBB@
1CCCCA (70)

where ~M� � sign�M̂�� 	min�1; jM̂�j� and M̂� � Û0=D̂. Û0 and D̂
have the same from as U0 and D in Eq. (5), but with Roe-averaged
values. Finally, the all-speed version of the RoeM is obtained from
Eq. (62):

E1=2 �
1

b�1 � b�2

�
b�1 	 EL � b�2 	 ER � b�1 	 b�2

	
�
�Q� � g

1� j ~M�j
B�Q��

�	
(71)

where b�1 �max�Û0 � D̂; U0L � D̂; 0� and b�2 �min�Û0 � D̂;
U0R � D̂; 0�.

The computational costs of the proposed schemes with first-order
accuracy in time and space are as follows: Roe is 1, AUSMPW� is
0.97, and RoeM is 1.04.

VII. Numerical Results

We have applied the two-phase AUSMPW� and RoeM schemes
to several mixture/phase-interfacial two-phase problems, ranging
from highly compressible to nearly incompressible flow regions.
Unless otherwise stated, the third-order total-variation-diminishing
Runge–Kutta scheme [25] is used as a time-integration scheme, and
the atmospheric pressure and temperature are assumed. For a higher-
order extension, the primitive variables of Eq. (2) are extrapolated
using the MUSCL approach. We set a0 � 1 	 1010 for non-
preconditioned compressible test problems in Secs. VII.A–VII.F and
the M� 0:675 case in in Sec. VII.G. For all Mach number
preconditioned test problems, such as low-Mach-number flows in
Secs. VII.G and VII.H, we simply set a0 � 1:0.

A. Two-Phase Shock-Tube Problem

The two-phase AUSMPW� and RoeM schemes are applied to a
one-dimensional two-phase shock-tube problem of length 1 on a
200-mesh system. The second-order accuracy is ensured byMUSCL
with a van Leer limiter. The initial conditions are as follows:

�p; u; Y1; T�L � �2 	 107; 0; 0:5; 300� x � 0:5

�p; u; Y1; T�R � �1:5 	 107; 0; 0:5; 300� x > 0:5

Though the initial mass fraction is the same, the initial volume
fraction is different by �L � 0:801 and �R � 0:841 due to the
pressure difference. We compare the results of the Roe, RoeM, and
AUSMPW� schemes with a fine-grid computation (the result of the
Roe scheme on an 800-mesh system).

After t� 0, the contact discontinuity starts to move to the right,
the mixture shock propagates to the right, and the expansion fan
propagates to the left. The HEM assumes the same temperature
across the phase interface if it is located within the same
computational cell. Also, the specific heat Cp of the liquid phase is
about 4 times larger than that of the gas phase. Thus, the enthalpy
change caused by a temperature change is more noticeable in the
liquid phase, and the liquid density increasesmore than that of the gas
phase, which causes gas volume-fraction expansion in the low-
temperature region. These characteristics are shown in Fig. 5. In this
case, all three schemes give almost the same results, indicating that
the two-phaseAUSMPW� and RoeM schemes exhibit an accuracy
similar to the original two-phase Roe scheme.

B. Quirk’s Test with Two-Phase Mixture Flows

A moving shock with the speed of M� 6 on a perturbed-mesh
system is conducted to examine the shock stability in two-phase
mixture flows. The mesh system is 800 	 20 with unit spacing, and
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the centerline is perturbed as follows:

yi;jmid
�
�
yjmid
� 10�4 for i even

yjmid
� 10�4 for i odd

The first-order flux is used for time integration and spatial
discretization.

In Quirk’s test for gas dynamics, it is well known that a scheme
suffering from the shock-instability phenomenon destroys the
original moving-shock profile by amplifying numerical error.
Figure 6 shows the results of each scheme for a Y1 � 0:1 mixture
flow.AlthoughRoe’s FDS destroys the initial normal shock, both the
AUSMPW� and RoeM cleanly capture the shock, showing their
robust and shock-stable behavior even in the two-phase-flow region.

The same test was also carried out by changing the mass fraction.
The results are summarized in Table 2. TheAUSMPW� and RoeM
do not show any shock instability, whereas Roe’s FDS exhibits
carbuncles, except for near the liquid region. It appears that the large
value of pc in the liquid-phase EOS suppresses the amplifying
mechanism of Roe’s FDS by loosening the coupling between the
density and pressurefield. Thus, the shock instability phenomenon of
Roe’s FDS in two-phase flow can be affected by some additional
factors such as the mass fraction or EOS.

C. Test with Two-Phase Mixture Flows

As a tougher test case, the M� 3 stationary shock problem by
Sanders et al. [26] is examined in mixture flows. Temporal and
spatial discretization are first-order-accurate. The mesh system is
100 	 40 with unit spacing, and the x coordinate of i� 10 mesh is
perturbed as follows:

x10;j � 10� 0:1 cos�j�=10�

The computed results are summarized in Table 3, and some
selected results are given from Figs. 7–15. Here, the computed result
is regarded as stable if there is no evidence of shock breakdown in
Mach contour and/or residual blowup. As seen in Table 3,
AUSMPW� and RoeM are shock-stable for all the test cases (see
Figs. 8, 9, 11, 12, 14, and 15), though there are some cases with
wiggles in Mach contour or with diffusive shock thickness (Fig. 14).
However, the Roe scheme yields shock breakdown for the pure gas
phase (Fig. 7) or residual blowup for Y1 � 0:1 and Y1 � 0:005
(Fig. 10). Even for near the liquid phase with Y1 � 1 	 10�7 and
Y1 � 1 	 10�8, the numerical error in the Mach contour is
unacceptably large (Fig. 13). However, it is grouped as stable
mode 3, because the error does not grow further and is bounded in a
shock region. Contrary to the cases of Y1 � 1 	 10�7 and
Y1 � 1 	 10�8, the residual blows up in cases of Y1 � 0:1 and
Y1 � 0:005, even if the Courant–Friedrichs–Lewy (CFL) number is

Fig. 5 Shock-tube problem at t� 1 � 10�4.
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as small as 1:0 	 10�5. It is observed that the shock breakup
mechanism of the original Roe scheme becomes weaker as the flow
gets closer to the liquid phase. This is presumably because the
coupling between the pressure and densityfield tends to be loosewith
a large value of pc.

D. High-Speed Blunt-Body Flow

Amixture blunt-body flow problem withM � 8 and Y1 � 0:01 is
chosen as another example to demonstrate the shock-stable
characteristic of the two-phase AUSMPW� and RoeM schemes.
Though the freestream Mach number is relatively high, the
freestream flow velocity is just about 258:12 m=s, which is not so
high, due to the lower speed of sound in mixture flow. We assume
that the freestream is at atmospheric conditions and solve the test case
on a 51 	 51 mesh system with the first-order accuracy in time and
space.

The original Roe FDS fails again in this test. On the other hand,
AUSMPW� and RoeM solve the high-Mach-number blunt-body
problem without any difficulty. Figure 16 shows the results of
AUSMPW� and RoeM.AUSMPW� shows slight wiggles near the
stagnation region in this test case. The stagnation pressure error
comparedwith the theory is�0:644% inAUSMPW� and�0:095%

in RoeM. It is observed that the temperature change across the strong
shock is noticeably small due to the high heat capacity of the liquid
phase.

E. Liquid-Shock/Gas-Bubble Interaction

An interaction problem between a liquid shock and a cylindrical
air bubble is computed on a 175 	 125 mesh system. A moving
shock ofM� 1:422 in liquid hits the cylindrical gas bubble with the
radius of the unit (r� 1). Y1 � 1:0 is initialized for the pure gas
phase, and Y1 � 0:0 is initialized for the pure liquid phase. The
purpose of this simulation is to demonstrate the capability of the
proposed schemes to handle complex two-phase flows. This
numerical test can also be thought of as a simplified model of the
medical process to eliminate kidney stones using shock waves. To
pulverize the kidney stones, a laser-induced shock interacts with a
small gas bubble. Then the shock–bubble interaction generates a
high-energy explosion and a high-speed liquid jet.

Numerical simulation is carried out by AUSMPW� and RoeM,
and a minmod limiter is used. Figures 17 and 18 show the sequential
photographs of the gas-bubble interaction. When the liquid shock
hits the gas bubble, it is reflected as a rarefaction wave, whereas the
transmitted wave is still a shock (Figs. 17a and 18a). However, when
the transmitted shock arrives at the gas–liquid phase interface, both
the reflection and transmission waves are all shock waves. Thus, a
blast wave is generated at the right end of the gas bubble. In the
present simulation, the blast wave is generated at around t� 0:0024
and the results in Figs. 17b and 18b are just after explosion. After the
bubble collapse, the vortex pair is generated and the high-speed
liquid jet is formed (Figs. 17c and 17d). Overall, AUSMPW� is
slightly better at resolving the phase interface, whereas RoeM is
slightly better at resolving shock and expansion waves.

Figure 19 is a close-up view of the high-speed liquid jet between
the vortex pair. According to the present computation, the jet
maintains its structurewith the vortex pair until the end of simulation:
t� 0:005. The maximum velocity of the liquid jet is over 1000 m=s
and the initial liquid-shock-induced velocity is 262:16 m=s.

F. Underwater Explosion

This test case is the interaction between the ocean surface and the
underwater blast wave. Initially, a gas bubble with r� 1 is located at
3 below the ocean surface at p� 9:12 	 108 Pa and
�� 1270 kg=m3. Y1 � 1:0 is initialized for the pure gas phase,
and Y1 � 0:0 is initialized for the pure liquid phase. The atmospheric
pressure is assumed to be 1:1 	 105 Pa, which is the same initial
condition as that of Liu et al. [19]. The simulation is carried out on a
241 	 241mesh system, and themultidimensional-limiting-process/
van Leer [27] limiter is used to ensure themultidimensional stability.

Fig. 6 Quirk’s test on Y1 � 0:1 mixture flow (density contour).

Table 2 Summary of Quirk’s test with mass fraction

Mass fraction Roe AUSMPW� RoeM

Y1 � 0:0 (pure gas) Unstable Stable Stable
Y1 � 1:0 	 10�1 Unstable Stable Stable
Y1 � 1:0 	 10�2 Unstable Stable Stable
Y1 � 5:0 	 10�3 Unstable Stable Stable
Y1 � 1:0 	 10�3 Stable Stable Stable
Y1 � 1:0 	 10�7 Stable Stable Stable
Y1 � 0:0 (pure liquid) Stable Stable Stable

Table 3 Summary of Sanders et al.’s [26] test with mass fractiona

Mass fraction Roe AUSMPW� RoeM

Y1 � 0:0 (pure gas) Unstable mode 1 Stable mode 1 Stable mode 1
Y1 � 1:0 	 10�1 Unstable mode 2 Stable mode 1 Stable mode 2
Y1 � 5:0 	 10�3 Unstable mode 2 Stable mode 1 Stable mode 1
Y1 � 1:0 	 10�7 Stable mode 3 Stable mode 4 Stable mode 1
Y1 � 1:0 	 10�8 Stable mode 3 Stable mode 4 Stable mode 1
Y1 � 0:0 (pure liquid) Stable mode 5 Stable mode 1 Stable mode 1

aStable mode 1 is undeniably stable, stable mode 2 has wiggles in the Mach contour,
stable mode 3 errors are bounded in shock, stable mode 4 has diffusive shock thickness,
stable mode 5 has with wiggles in density and temperature contour. Unstable mode 1 is
the typical instability in Mach contour, and unstable mode 2 is a blow up.
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Fig. 7 Sanders et al.’s [26] test on Y1 � 1:0 gas flow with Roe: a) Mach contour with normalized density at x� 11 [��m�11; y; t��
�m�11; y; 0��=�m�11; y; 0�], after b) 10,000 iterations, c) 30,000 iterations, d) 70,000 iterations, and e) 100,000 iterations.

Fig. 8 Sanders et al.’s [26] test on Y1 � 1:0 gas flow with AUSMPW�: a) Mach contour with normalized density at x� 11

[��m�11; y; t� � �m�11; y; 0��=�m�11; y; 0�], after b) 10,000 iterations, c) 30,000 iterations, d) 70,000 iterations, and e) 100,000 iterations.
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At t� 0, the underwater explosion of the high-pressure gas bubble
produces a blast wave. When the blast wave reaches the liquid–gas
interface, a shock wave is transmitted into the atmosphere and an
expansion wave is reflected back into the water region (Fig. 20,
t� 0:0015). Afterward, the reflected expansion wave interacts with
the gas bubble to create a lower-pressure region, and the upper region
of the gas bubble accelerates upward (Fig. 20, t� 0:0025).

In the close-up view at t� 0:0025 in Fig. 21, both schemes show
the resultant two-phase wave physics almost identically. The
strength of the transmitted shock into the gas (or air) region is very
weak compared with the pressure variation in the liquid region, and
so the v-velocity contour is plotted to highlight the transmitted shock.

In Fig. 22, we compare the trajectories of the primary waves and
interface (shock, phase interface, and the head and tail of expansion
waves) with the computed result of Liu et al. [19] and the theory of
Ballhaus and Holt [28]. Liu et al. [19] used Tait’s EOS for the liquid

phase and a wave-physics theory including the phase interface. The
theory cannot describe general mixture flows because it considers
only the gas–liquid phase interface using the level-set technique. The
theoretical result of Ballhaus and Holt [28] is based on the
assumption of an axisymmetric explosion and local Taylor
expansion, which is valid only for a short period after explosion (see
[19,28] for further details).

From the comparison, bothAUSMPW� and RoeM provide very
reliable results. Slight variation exists in predicting the transmitted
shock into air and the reflected expansion wave formed by the
reflection of the main shock from the free surface. But the trajectory
and speed of the transmitted shock and the reflected expansion wave
lie between the results of Liu et al. [19] and Ballhaus and Holt [28].
The second shock, which is not considered in the work of Ballhaus
andHolt, is formed, though the trajectory is somewhat different from
the result of Liu et al. [19]. Because Liu et al. used an isothermal EOS

Fig. 9 Sanders et al.’s [26] test on a Y1 � 1:0 gas flow with RoeM: a) Mach contour with normalized density at x� 11

[��m�11; y; t� � �m�11; y; 0��=�m�11; y; 0�], after b) 10,000 iterations, c) 30,000 iterations, d) 70,000 iterations, and e) 100,000 iterations.

Fig. 10 Mach contour for Sanders et al.’s [26] test on Y1 � 0:005 mixture flow with Roe.
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Fig. 11 Sanders et al.’s [26] test on a Y1 � 0:005 mixture flow with AUSMPW�: a) Mach contour with normalized density at x� 11

[��m�11; y; t� � �m�11; y; 0��=�m�11; y; 0�], after b) 10,000 iterations, c) 30,000 iterations, d) 70,000 iterations, and e) 100,000 iterations.

Fig. 12 Sanders et al.’s [26] test on Y1 � 0:005 mixture flow, RoeM (a) Mach contour; normalized density at x� 11

[��m�11; y; t� � �m�11; y; 0��=�m�11; y; 0�], after b) 10,000 iterations, c) 30,000 iterations, d) 70,000 iterations, and e) 100,000 iterations.
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Fig. 13 Sanders et al.’s [26] test on Y1 � 1 � 10�7 mixture flow with Roe: a) Mach contour with normalized density at x� 11
[��m�11; y; t� � �m�11; y; 0��=�m�11; y; 0�], after b) 10,000 iterations, c) 30,000 iterations, d) 70,000 iterations, and e) 100,000 iterations.

Fig. 14 Sanders et al.’s [26] test on Y1 � 1 � 10�7 mixture flow with AUSMPW�: a) Mach contour; normalized density at x� 11

[��m�11; y; t� � �m�11; y; 0��=�m�11; y; 0�], after b) 10,000 iterations, c) 30,000 iterations, d) 70,000 iterations, and e) 100,000 iterations.
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Fig. 15 Sanders et al.’s [26] test on a Y1 � 1 � 10�7 mixture flow with RoeM: a) Mach contour with normalized density at x� 11

[��m�11; y; t� � �m�11; y; 0��=�m�11; y; 0�], after b) 10,000 iterations, c) 30,000 iterations, d) 70,000 iterations, and e) 100,000 iterations.

Fig. 16 Mixture blunt-body flow problem (M � 8 and Y1 � 0:01): a) pressure contour with AUSMPW�, b) pressure contour with RoeM,

c) temperature contour with AUSMPW�, and d) temperature contour with RoeM.
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for the liquid phase, the heat transfer from the high-temperature gas
bubble to the low-temperature surrounding liquid may not be
properly delivered. In the present simulation, the temperature around
the gas-bubble surface is about 2500 K at t� 0, and it is lowered to
1710 K at t� 0:001 and is further lowered to about 1265 K at
t� 0:0025. Thus, the formation and propagation of the second shock
is delayed, compared with the result of Liu et al. [19].

G. Mixture-Bump Flow

A two-phase mixture-bump problem is chosen to validate the
performance of the proposed schemes at all speeds. A series of
mixture flows with M� 0:675, 0:01, 1 	 10�4, and 1 	 10�6 are
considered for Y1 � 0:1. The CFL number is 0.8 forM� 0:675 and
1.0 for other cases.

Computations are carried out on a 129 	 65mesh system, and the
results are shown in Fig. 23. Both schemes yield a very similar
solution. Oscillations or diffusions, typically seen in the result of
low-Mach-number flows using a nonpreconditioned upwind
scheme, do not appear. The results for M � 1 	 10�4 and 1 	 10�6

are almost identical to the case ofM� 0:01.
Convergence histories for the L2 norm of pressure are shown in

Fig. 24.AUSMPW� and RoeM schemes show similar convergence
characteristics. For the case of M� 1 	 10�6, the residuals stall at
about 5 orders of magnitude due to the round-off error.

H. Turbulent Cavitation Problem

As a final numerical test, a turbulent cavitating problem over an
axisymmetric object with a hemispherical forehead is considered for
the cavitation numbers of Ca� 0:3 and 0.4 and the Reynolds

Fig. 17 Numerical schlieren of liquid-shock/gas-bubble interaction forAUSMPW� (left) and RoeM (right) at a) t� 0:002, b) t� 0:0025, c) t� 0:003,
and d) t� 0:0035.
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number of Re� 1:36 	 105. The cavitation model of Merkle et al.
[29] is chosen and the standard k-" model is used. Computation is
done on a 121 	 65mesh system, and the minmod limiter combined
with the dissipation sensor proposed by Kunz et al. [3] is used.

The object initially lies underwater (Y1 � 0:0), and the cavitation
phenomenon occurs around the end of the forehead, due to the
pressure reduction by flow acceleration. As shown in Fig. 25, the
computed results of both schemes match well with the experimental

Fig. 18 Pressure contour of liquid-shock/gas-bubble interaction forAUSMPW� (left) andRoeM (right) at a) t� 0:002, b) t� 0:0025, c) t� 0:003, and
d) t� 0:0035.
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pressure distribution [30]. The formation of cavitation is seen in
Fig. 26. It is known that this test case exhibits some degree of
unsteadiness, and the surface-pressure distribution can be changed
with different grid systems, cavitation models, spartial accuracy, and
evenwith different pressure splitting inAUSM� [5]. Considering all
of these aspects, the difference in the computed pressure between
AUSMPW� and RoeM is acceptable.

In terms of the CFL condition, however, a significant difference is
observed between AUSMPW� and RoeM. The CFL condition of
AUSMPW� is more restrictive, especially at the inception of
cavitation, for which the allowable CFL number of AUSMPW�,
compared with that of RoeM, was typically reduced from 1=2 to

1=10. Thus, RoeM appears to be more efficient in this class of
problem. According to the authors’ experiences, RoeM is generally
more robust in terms of theCFL condition for the problems involving
phase interface.

VIII. Conclusions

Accurate and efficient computations of compressible gas–liquid
two-phase flows based on the homogeneous-equilibrium model are
conducted. The AUSMPW� and RoeM schemes, which have been
successfully demonstrated in gas dynamics, are extended to
homogeneous-equilibrium two-phase flow at all speeds, without

Fig. 19 High-speed liquid jet formation at t� 0:005 with RoeM: a) density contour and streamline and b) temperature contour and velocity vector.

Fig. 20 Underwater explosion with RoeM: a) density contour at t� 0:0015, 0.002, and 0.0025 and b) numerical schlieren and v-velocity contour at

t� 0:0015, 0.002, and 0.0025.
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Fig. 21 Comparison of the result at t� 0:0025: a) AUSMPW� and b) RoeM.

Fig. 22 Discontinuity comparison of the present computation using AUSMPW�(solid line) and RoeM (dotted dashed line) with the Liu et al. [19]

computation ▲■●◆) and Ballhaus and Holt [28] theory (△□○◇); y-directional distance from the center of the initial gas bubble.

Fig. 23 Velocity magnitude for Y1 � 0:1 mixture flow using AUSMPW� (solid line) and RoeM (dashed line): a) M � 0:675 and b)M � 0:01.
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compromising accuracy, efficiency, and robustness. A shock-
discontinuity-sensing term (SDST), which plays a critical role in
AUSMPW� and RoeM, is newly derived from the mixture EOS,
and its performance is analyzed for two-phase flows.

Three items are modified for the development of two-phase
AUSMPW� scheme. The first is to introduce a new SDST into the
pressure-based weight functions ! and fL;R. The numerical speed of
sound at a cell interface is then modified by considering the physical
situation of the phase-interfacial speed of sound in the HEM. Finally,
the control function fL;R is scaled by reflecting the density difference
across a cell interface for the treatment of a large-density-ratio phase
interface. The two-phase RoeM scheme is derived from the two-
phase Roe scheme by implementing the new SDST into the Mach-
number-based weight functions f and g. The two-phase RoeM
scheme is designed tomaintain themerits of the original RoeM in gas
dynamics: that is, the shock-stability, the total enthalpy conservation,
and the numerical stability in the expansion region.

All-speed versions of the two-phase AUSMPW� and RoeM are
then obtained by employing the AUSM-type and HLLC-type
preconditioning strategies. From the asymptotic analysis, it is
observed that the discretized system by the preconditioned two-
phase AUSMPW� and RoeM schemes is consistent with the
continuum system in the incompressible limit.

Numerical tests, from highly compressible to nearly incompres-
sible flow conditions, are performed for various two-phase flows

including large-density-ratio phase-interface problems. Compar-
isons confirm that the proposed schemes maintain shock-stable
characteristics even in two-phaseflows and describe two-phasewave
physics based on the homogeneous-equilibrium model. In addition,
the computed results involving low-Mach-number flows indicates
that the preconditioned two-phase AUSMPW� and RoeM are
successfully working at all-speed flow regions.

Appendix: Incompressible-Limit Forms of
Preconditioned Two-Phase AUSMPW� and RoeM

I. Continuous Case: Conservations Laws for HEM Two-Phase Flows

We briefly examine the limits of the HEM compressible Euler
equations as the Mach number goes to zero. Denoting the reference
quantities with a subscript �, we select �L�; U�� to nondimension-
alize �t;x;u� and ��m�; c2�� to nondimensionalize ��m; p; em�. Then
we obtain the system of nondimensionalized equations as follows.
Here, � �l indicates a nondimensionalized quantity:

@�lm
@tl
�r � �lmul � 0 (A1a)

@�lmu
l

@tl
�r � �lmulul �

1

M2
�
rpl � 0 (A1b)

Fig. 24 Convergence history for Y1 � 0:1 mixture bump flow: a) M � 0:675 and 0.01 and b)M � 1 � 10�4 and 1 � 10�6.

Fig. 25 Comparison of surface-pressure distribution with experimental data from [30]: a) Ca� 0:3 and b) Ca� 0:4.
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@�lmE
l
t

@tl
�r � �lmHlul � 0 (A1c)

@�lmY1
@tl

�r � �lmY1ul � 0 (A1d)

where M� �U�=c� is the reference Mach number. Using the
relations �lmY1 � �̂l1�1 and �̂li � const in the incompressible limit,
Eq. (A1d) is changed into the well-known volume-fraction transport
equation for incompressible two-phase flows:
@�1=@t

l �r � �1ul � 0.
We introduce the following expansion in power of the Mach

number in Eqs. (A1a–A1d):

q � q�0� �M�q�1� �M2
�q
�2� � � � � (A2)

where q� ��lm;ul; Elt; Y1�T . Collecting all the terms with the equal
power ofM�, we obtain the following.

For O�1=M2
��,

rpl�0� � 0 (A3)

For O�1=M��,

rpl�1� � 0 (A4)

For O�1�,

@�l�0�m

@tl
�r � �l�0�m ul�0� � 0 (A5a)

@�l�0�m ul�0�

@tl
�r � �l�0�m ul�0�ul�0� � 1

M2
�
rpl�2� � 0 (A5b)

@�l�0�m El�0�t

@tl
�r � ��l�0�m El�0�t � pl�0��ul�0� � 0 (A5c)

@�l�0�m Y�0�1

@tl
�r � �l�0�m Y�0�1 ul�0� � 0 (A5d)

From Eq. (A5b), the zeroth-order velocity is related to the second-
order pressure, and thus the numerical dissipation with pressure
difference should be scaled in a consistent manner. Regarding this,
Liou [24] proposed the following lemma in the incompressible limit
and proved it for the discrete system with the AUSM�up scheme.

Lemma. The discrete system derived forM� ! 0 is consistent to
the order of �xl and dissipative approximation to the continuum
system; that is,

Fig. 26 Cavitation prediction for the density contour: a) Ca� 0:3 (AUSMPW�), b) Ca� 0:3 (RoeM), c) Ca� 0:4 (AUSMPW�), and d) Ca� 0:4
(RoeM).
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@�l�0�

@tl
�r � �l�0�ul�0� � @

@xlk

�

l
@pl�2�

@xlk

�
(A6a)

if the dissipation coefficient


l �O��xl�> 0 (A6b)

and is independent of M�. The dissipation is directly related to the
spatial variation of the second-order pressure expansion pl�2�.

II. Discrete Case 1: Preconditioned Two-Phase AUSMPW� Scheme

The numerical flux of AUSM-type schemes can be divided with
convective and pressure fluxes as

E1=2 � E�c�1=2 � E
�p�
1=2 (A7)

The convective and the pressure fluxes of the two-phase
AUSMPW� scheme in Sec. V.A are

E�c�1=2 � �M�L c1=2Q
�
L � �M�Rc1=2Q

�
R (A8a)

E�p�1=2 � P�L PL � P�RPR (A8b)

For 0 � M1=2 � 1,

�M �
L �M�L �M�R ��1 � !��1� f�R� � f�L� (A9a)

�M �
R �M�R!�1� f�R� (A9b)

With the relations Q�R �Q�L ��Q� and f�R � f�L ��f�, the
convective flux is written as

E�c�1=2 � c1=2fM�L �M�R ��1 � !��1� f�R� � f�L�gQ�L
� c1=2M�R!�1� f�R�Q�R � c1=2f�M�L �M�R �Q�L
� !M�R�Q�g � c1=2M�R f�Q�L � !�Q���f� � !f�L�Q�g

(A10)

Using van Leer splitting,M�L;R �� 1
4
�ML;R � 1�2,

M�L �M�R � 1
2
�ML �MR� �O�M2� 
 0 (A11a)

M�R ��1
2
�1
2
�MR� �O�M2� � 0 (A11b)

Now let us consider the preconditioned version of the
AUSMPW� scheme in Sec. VI.A. The convective flux is

E�c�1=2 � �M��L c
�
1=2Q

�
L � �M��R c

�
1=2Q

�
R (A12)

The definitions of �M��L ,M��L;R, c
�
1=2, 	1=2, and the modified pressure-

based weight function f��L;R are given in Sec. VI.A.
With M �M�Ml, Mr �M�Ml

r, 	�M�	l, and c��
c�c

l 	M�	l � u�cl	l, the scaled Mach number is

M��L;R �
Ml
L �Ml

R

2	l
�O�M2

�� (A13)

Then the Mach number splitting functions are

M��L �M��R �
Ml
L �Ml

R

2	l
�O�M2

�� 
 0 (A14a)

M��R ��
1

2

�
1

2
�M

l
L �Ml

R

2	l

�
�O�M2

�� � 0 (A14b)

! is a nondimensional quantity, and

f��L;R �
�
�plL;R
�pls
� 1

�
	 �1 � !� 	

min��lm;L; �lm;R�
�lm;L

	 1

M2
�M

l2
r

� f��lL;R=M
2
� (A15)

To examine the incompressible-limit form of the preconditioned
AUSMPW� scheme, let us takeM� ! 0. Then the convective flux
becomes

E�c�1=2 � u�cl1=2
��
Ml
L �Ml

R

2

�
Q�L � !

1

4

�
	l �

�
Ml
L �Ml

R

��
�Q�



� u�cl1=2

1

4

�
	l �

�
Ml
L �Ml

R

���
�Q�L� !�Q��

�f��l

M2
�

� !f
��l
L

M2
�
�Q�



(A16)

	l �
�
Ml
L �Ml

R

�
> 0

Taking a similar procedure, the pressure flux in the incompressible
limit becomes

E�p�1=2 �
plL � plR
2M2
�
� pls
M2
�

(A17)

As M� goes to zero, ��1=2 ! 1 and !! 0; thus, the

nondimensionalized mass flux ��mu�lL is given by

��mu�lL��lm;Lcl1=2
�
1

2

�
Ml
L�Ml

R

�
�1
4

�
	l�

�
Ml
L�Ml

R

���f��l
M2
�

	

�
�lm;Lc

l
1=2

�
Ml
L�Ml

R

�
2

�
min

�
�lm;L;�

l
m;R

�
cl1=2K1�p

l

M2
�

(A18)

where

K1 �
	l �

�
Ml
L �Ml

R

�
4plsM

l2
r

	O�1� (A19)

Then the resultant incompressible-limit form of the AUSMPW�
scheme can be expressed as

E��m�1=2 � ��m�u����mu�lL=R (A20a)

E��mu�1=2 � ��m�u2��
�
��mu�lL=RuL=R �

pls
M2
�

�
(A20b)

E��mEt�1=2 � ��m�u�c2����mu�lL=RHL=R (A20c)

E��mY1�1=2 � ��m�u����mu�lL=RY1;L=R (A20d)

where � �L=R �
�
� �L; M1=2 
 0

� �R; M1=2 < 0
.

After expanding the variables using Eq. (A2) and by applying the
resultant fluxes to the one-dimensional semidiscretized form,

�x
@Q

@t
� E1=2 � E�1=2 � 0 (A21)

we obtain the following expressions for the terms of O�1=M2
��.
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Mixture mass conservation:

min
�
�l�0�m;j ; �

l�0�
m;j�1

�
cl�0�1=2K

�0�
1;1=2�1=2p

l�0�

�min
�
�l�0�m;j�1; �

l�0�
m;j

�
cl�0��1=2K

�0�
1;�1=2��1=2p

l�0� � 0 (A22a)

Mixture momentum conservation:

min
�
�l�0�m;j ; �

l�0�
m;j�1

�
cl�0�1=2u

l�0�
j=j�1K

�0�
1;1=2�1=2p

l�0�

�min
�
�l�0�m;j�1; �

l�0�
m;j

�
cl�0��1=2u

l�0�
j�1=jK

�0�
1;�1=2��1=2p

l�0�

� ��1=2p
l�0� ���1=2p

l�0��=2� 0 (A22b)

Mass conservation for phase 1:

min
�
�l�0�m;j ; �

l�0�
m;j�1

�
cl�0�1=2Y

�0�
1;j=j�1K

�0�
1;1=2�1=2p

l�0�

�min
�
�l�0�m;j�1; �

l�0�
m;j

�
cl�0��1=2Y

�0�
1;j�1=jK

�0�
1;�1=2��1=2p

l�0� � 0

(A22c)

where � �j=j�1 is defined in the same manner as � �L=R, and�1=2� � �
� �j�1 � � �j and ��1=2� � � � �j � � �j�1. Note that the mixture
density is a function ofmass fraction only in the incompressible limit.
To satisfy Eqs. (A22a–A22c) for an arbitrary velocity and mass-
fraction field, ��1=2p

l�0� � 0 for all j. Thus,

pl�0�j � p
l�0�
j �t� 8 j, pl�0�j � const in space (A23)

For the terms of O�1=M��, by taking a similar procedure, we
obtain

pl�1�j � p
l�1�
j �t� 8 j, pl�1�j � const in space (A24)

For the terms of O�1�,
Mixture mass conservation:

�xl
@�l�0�m;j

@tl
� 1

2

h
�l�0�m;j=j�1�u

l�0�
j � u

l�0�
j�1

�
� �l�0�m;j�1=j

�
ul�0�j�1 � u

l�0�
j

�i
�
h
min

�
�l�0�m;j ; �

l�0�
m;j�1

�
cl�0�1=2K

�0�
1;1=2�1=2p

l�2�

�min
�
�l�0�m;j�1; �

l�0�
m;j

�
cl�0��1=2K

�0�
1;�1=2��1=2p

l�2�
i
� 0 (A25a)

Mass conservation for phase 1:

�xl
@�l�0�m;jY

l�0�
1;j

@tl
� 1

2

h
�l�0�m;j=j�1Y

�0�
1;j=j�1

�
ul�0�j � u

l�0�
j�1

�
� �l�0�m;j�1=jY

�0�
1;j�1=j

�
ul�0�j�1 � u

l�0�
j

�i
�
h
min

�
�l�0�m;j ; �

l�0�
m;j�1

�
cl�0�1=2Y

�0�
1;j=j�1K

�0�
1;1=2�1=2p

l�2�

�min
�
�l�0�m;j�1; �

l�0�
m;j

�
cl�0��1=2Y

�0�
1;j�1=jK

�0�
1;�1=2��1=2p

l�2�
i
� 0

(A25b)

By taking �x! 0, the limiting counterparts of Eqs. (A25a) and
(A25b) are

@�l�0�m

@tl
� @�

l�0�
m ul�0�

@xl
� @

@xl

�

l
@pl�2�

@xl

�
�O��xl2� (A26a)

@�l�0�m Y�0�1

@tl
� @�

l�0�
m Y�0�1 u

l�0�

@xl
� @

@xl

�

lY�0�1

@pl�2�

@xl

�
�O��xl2�

(A26b)

with


l � �l�0�m cl�0�K�0�1 �xl > 0 (A27)

All of the preceding results have shown that the discrete equations
by the preconditioned two-phase AUSMPW� are consistent with
the continuum case, which satisfies the lemma in the incompressible
limit.

III. Discrete Case 2: Preconditioned Two-Phase RoeM Scheme

The preconditioned two-phase RoeM scheme in Sec. VI.B has the
following form:

E1=2 �
1

2
�EL � ER � ~M��E� D̂� ~M�2 � 1��Q�

� gD̂�1 � j ~M�j�B�Q��� (A28)

where ~M� � sign�M̂�� 	min�1; jM̂�j� and M̂� � Û0=D̂. The
detailed definitions are given in Secs. V.B and VI.B. Using the

dimensionless quantities, M̂� � M̂l=	̂
l � M̂� and D̂� u�D̂l

.
Let us takeM� ! 0 to examine the incompressible-limit form of

Eq. (A28). Then��1=2 ! 1, f; g! 1, and the incompressible-limit

form of the RoeM scheme is given by

E��m�1=2 �
1

2
�m�u�

�
f�1� M̂���lm;LulL � �1 � M̂

���lm;RulRg

� D̂l�M̂�2 � 1���lm � D̂l�1 � jM̂�j�
�
��lm �

�pl

D̂l2M2
�

�	
(A29a)

E��mu�1=2 �
1

2
�m�u

2
�

��
�1� M̂��

�
�lm;Lu

l2
L �

plL
M2
�

�
� �1 � M̂��

�
�lm;Ru

l2
R �

plR
M2
�

�

� D̂l�M̂�2 � 1���lmul

� D̂l�1 � jM̂�j�ûl
�
��lm �

�pl

D̂l2M2
�

�	
(A29b)

E��mY1�1=2 � 1

2
�m�u�

�
f
�
1� M̂���lm;LulLY1;L

� �1 � M̂���lm;RulRY1;R
o
� D̂l�M̂�2 � 1���lmY1

� D̂l�1 � jM̂�j�Ŷ1

�
��lm �

�pl

D̂l2M2
�

�	
(A29c)

We note that for two-phase flow in the incompressible limit, the
mixture density is the function of mass fraction only. Thus, we have
the relations

��lm �
d@�lm
@Y1

�Y1

and

��lmY1 �
�
�̂lm � Ŷ1

d@�lm
@Y1

�
�Y1

Then Eqs. (A29a) and (A29c) can be rearranged as follows:

E��m�1=2 �
1

2
�m�u�

�n
�1� M̂���lm;LulL � �1 � M̂

���lm;RulR
o

� 1 � jM̂�j
D̂l

�pl

M2
�
� D̂l�jM̂�j � M̂�2�

d@�lm
@Y1

�Y1

	
(A30a)
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E��mY1�1=2 � 1

2
�m�u�

�n
�1� M̂���lm;LulLY1;L

� �1 � M̂���lm;RulRY1;R
o
� �1 � jM̂

�j�Ŷ1

D̂l

�pl

M2
�

� D̂l

�
�1 � M̂�2��̂lm � �jM̂�j � M̂�2�Ŷ1

d@�lm
@Y1



�Y1

	
(A30b)

where D̂l > 0, 1 � jM̂�j> 0, jM̂�j � M̂�2 > 0, and 1 � M̂�2 > 0.
After expanding the variables using Eq. (A2) and by applying the

fluxes to the one-dimensional semidiscretized form of Eq. (A21), we
obtain the following results for the terms of O�1=M2

��.
Mixture mass conservation:

1 � jM̂��0�1=2 j
D̂l�0�

1=2

�1=2p
l�0� �

1 � jM̂��0��1=2j
D̂l�0�
�1=2

��1=2p
l�0� � 0 (A31a)

Mixture momentum conservation:�
1 � jM̂��0�1=2 j

�
ûl�0�1=2

D̂l�0�
1=2

�1=2p
l�0� �

�
1 � jM̂��0��1=2j

�
ûl�0��1=2

D̂l�0�
�1=2

��1=2p
l�0�

�
n�

1 � M̂��0�1=2

�
�1=2p

l�0� �
�
1� M̂��0��1=2

�
��1=2p

l�0�
o
� 0

( A31b)

Mass conservation for phase 1:�
1 � jM̂��0�1=2 j

�
Ŷ�0�1;1=2

D̂l�0�
1=2

�1=2p
l�0�

�

�
1 � jM̂��0�1=2 j

�
Ŷ�0�1;�1=2

D̂l�0�
�1=2

��1=2p
l�0� � 0 (A31c)

To satisfy Eqs. (A31a–A31c) for an arbitrary velocity and mass-
fraction field, ��1=2p

l�0� � 0 for all j. Thus,

pl�0�j � p
l�0�
j �t� 8 j, pl�0�j � const in space (A32)

For the terms of O�1=M��, by taking a similar procedure, we
obtain

pl�1�j � p
l�1�
j �t� 8 j, pl�1�j � const in space (A33)

For the terms of O�1�,
Mixture mass conservation:
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� M̂��0�2�1=2
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� 0 (A34a)

Mass conservation for phase 1:
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Ŷ�0�1;�1=2

D̂l�0�
�1=2

��1=2p
l�2�

35
� 1

2

�
D̂l�0�

1=2

��
1 � M̂��0�21=2

�
�̂l�0�m;1=2 �

�
jM̂��0�1=2 j

� M̂��0�21=2

�
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Ŷ�0�1;�1=2

d@�lm
@Y1

�����0�
�1=2



��1=2Y

�0�
1

	
� 0 (A34b)

Again, by taking �x! 0, the limiting counterparts of Eqs. (A34a)
and (A34b) are
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@xl
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with


lp �
1 � jM��0�j
Dl�0� �xl > 0 (A36a)


lY1 �D
l�0��jM��0�j �M��0�2� @�

l
m

@Y1

�����0��xl > 0 (A36b)


lY1Y1 �D
l�0��1 �M��0�2��l�0�m �xl � Y�0�1 


l
Y1
> 0 (A36c)

All of the preceding results have shown that the discrete equations by
the preconditioned two-phase RoeM are consistent with the
continuum case, which satisfies the lemma of Liou [24] in the
incompressible limit. Moreover, it is observed that the discrete
equations by RoeMhave additional diffusion terms bymass-fraction
difference, whereas the discrete equations by AUSMPW� do not.
However, a similar diffusion term can be produced inAUSMPW� if
the function ! is designed to work on a phase interface.
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